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We calculate the β-decay of tritium at next-to-leading order in pionless effective field theory.
At this order, a low-energy parameter L1,A enters the calculation that is also relevant for a high-
accuracy prediction of the solar proton-proton fusion rate. We use the tritium half-life to determine
this parameter and provide uncertainty estimates. We show proper renormalization of our calcu-
lation analyzing the residual cutoff dependence of observables. We find that next-to-leading order
corrections contribute about 4% to the triton decay Gamow-Teller strength. We show that these
conclusions are insensitive to different arrangements of the effective range expansion.
I. INTRODUCTION
Weak decays of nuclei are an everyday window to
Quantum-Chromodynamics (QCD). This is the main rea-
son for their extensive use in experiments that try to
study the limits of the Standard Model, from measur-
ing the masses of neutrinos using triton β-decay, to pin-
pointing the basic symmetries of the theory through the
dynamics of 6He decay. The triton β-decay, as the only
A = 3 β-decay, can, therefore, probe unique properties
of the nuclear force for both 3H and 3He. Alas, since this
reaction is characterized by its low-energy, i.e., Q < 10
MeV, one cannot use QCD due to its non-perturbative
character at low energies.
In the past two decades, a novel theoretical method
named effective field theory (EFT) revolutionized nuclear
physics. EFT is a simple, order by order, renormalizable
and model-independent theoretical method that is used
to describe low-energy processes. The prerequisite for de-
scribing a physical process using EFT is that its transfer
momentum, Q, is small compared to a large scale, Λcut
(i.e., Q/Λcut  1) [1–5] inherent to the system under
consideration. This method becomes particularly useful
when there is a significant scale separation between Q
and Λcut, so that only a small number of the effective op-
erators corresponding to the leading powers in QΛcut need
to be retained to reproduce long wavelength observables
with the desired accuracy.
For triton β-decay, as well as for other very low-energy
electroweak processes, Q  Λcut = mpi. In such cases,
the appropriate EFT is the pionless EFT (pi/EFT ), where
the pions are integrated out, and only nucleons are left
as effective degrees of freedom [6, 7].
The pi/EFT three-nucleon wave function is a result of
integral equations regularized by a high momentum, i.e.,
ultraviolet cutoff Λ as introduced in Ref. [8–10], where
numerical and theoretical solutions of these equations re-
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veal a strong dependence on Λ. pi/EFT is renormalizable,
i.e., the theory has no dependence on the ultraviolet cut-
off (Λ), but it requires an addition of a three-body force
counterterm even at leading order (LO) [9, 10].
The Coulomb interaction in light nuclei is also an issue
that needs to be addressed. Na¨ıvely, the Coulomb inter-
action is non-perturbative at low momenta (<∼ 10 MeV)
but should be perturbative in nuclei where the typical
momenta are much higher. However, recent calculations
done by Ko¨nig et al. [11–13] have shown that for A = 3,
the Coulomb interaction can be treated perturbatively, as
reflected in the 3H-3He binding energy difference. More-
over, in Ref. [14], we have shown that, even though the
Coulomb interaction does not conserve the three-nucleon
isospin, the Coulomb energy difference can be presented
in terms of a general matrix element between two A = 3
bound-states. At LO, 3He (the lightest and, therefore,
the simplest nucleus that includes a Coulomb interac-
tion) is described correctly within pi/EFT , even when
the Coulomb interaction is non-perturbative [15, 16]. At
next-to-leading order (NLO), the results are not so clear,
and some approaches point towards the need for addi-
tional, isospin-dependent three-body forces. Therefore,
other three-nucleon observables are needed to obtain pre-
dictive power within pi/EFT at NLO, such as the 3He bind-
ing energy [11, 12, 17].
One additional way to test the predictive power of
pi/EFT for the three-nucleon system at NLO, and in par-
ticular, the effect of the Coulomb interaction of such a
system is through the aforementioned electroweak prop-
erties of light nuclear systems. This is the goal of this
paper, in which we aim at describing triton β-decay.
This observable is particularly interesting since it is well-
known experimentally, and can be used to determine the
short-range strength of the axial coupling to nuclei, re-
quired for a high-accuracy description of the astrophysi-
cally relevant proton-proton fusion rate [18–21].
In the context of pi/EFT , up to NLO, the triton β-decay
includes a weak low-energy constant (LEC), known as
L1,A, whose exact value is a matter of discussion in the
literature [22–27]. The large uncertainty in the current
determination of L1,A is the source of this discussion.
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2We will, therefore, use the triton decay within pi/EFT as
a method to fix this parameter [28]. Moreover, this pro-
vides additional tests on the EFT, that were not consid-
ered in the context of triton decay to dates, such as renor-
malization group invariance, the convergence pattern of
the EFT, and the existence of terms with large fluctu-
ations within the NLO contribution. In addition, since
the triton β-decay is well measured, it is easy to evalu-
ate the effect of the Coulomb interaction on the decay
and consequently, to explore the effect of the Coulomb
interaction in the A = 3 iso-multiplet.
This paper is organized as follows: The general
formalism of pi/EFT is presented in Section II. The
pi/EFT formalism for the weak interaction is given in Sec-
tion III. The general calculation of weak matrix elements
is presented in Section IV while the numerical results
are given in V. In Section VI, we use the experimental
value of the triton β-decay rate to fix L1,A at NLO. In
Section. VII, we compare this approach of matching this
counterterm to previous studies. We then summarize and
provide an outlook in Section VIII.
II. SETTING UP pi/EFTTO NEXT-TO-LEADING
ORDER
At low energies, the two-nucleon system is character-
ized by low-energy scattering properties such as the scat-
tering lengths and effective ranges at low energies. Dy-
namical dibaryon fields provide a convenient to reformu-
late pi/EFT that incorporate these two-body features. The
fields t and s have quantum numbers of two nucleons cou-
pled to an S-wave spin triplet and singlet state, respec-
tively. The effective masses and interaction strengths of
these dibaryons are related to the two-nucleon scatter-
ing lengths and effective ranges. This formulation is for-
mally equivalent to the usual single-nucleon theory. One
of its advantages is that it simplifies the calculation of
three-body amplitudes to an effective two-body scatter-
ing problem of a dibaryon and one nucleon.
For the construction of the pi/EFT Lagrangian, we note
that the external momenta q and the deuteron binding
momentum γt are formally O(Q) (Q is a typical momen-
tum scale in the reaction), the two-nucleon scattering
lengths are O(1/Q), and the two-nucleon effective range
is O(Λcut). Up to NLO, i.e., O(Q/Λcut), the two-body
Lagrangian has the form [29]:
L = N†
(
iD0 +
D2
2M
)
N − ti†
[(
iD0 +
D2
4M
)
− σt
]
ti
− sA†
[(
iD0 +
D2
4M
)
− σs
]
sA
−yt
[
ti†
(
NTP itN
)
+ h.c
]−ys [sA† (NTPAs N)+ h.c] ,
(1)
where A denotes the isospin triplet index, i the spin-
triplet index, and N is the single nucleon field, of mass
M and P it , P
A
s are the projection operators to the triplet
and singlet states, respectively. The covariant derivative
is:
Dµ = ∂µ + ieAµQˆ , (2)
where e is the electric charge and Qˆ is the charge opera-
tor, coupled to the electromagnetic field, Aµ.
σt,s are the effective dibaryon masses, σt,s =
2
Mρt,s
(
1
at,s
− µ
)
, and yt,s are the coupling constants be-
tween two nucleons and dibaryon, yt,s =
√
8pi
M
√
ρt,s
. at,s and
ρt,s are the triplet and singlet scattering lengths and ef-
fective ranges, respectively. The experimental values are
given in Tab. I. In this work, contrary to previous works
on the electroweak properties of light nuclei, which arbi-
trarily took µ = mpi, we check the full renormalizability
to essentially infinite cutoffs and take the value of the
parameters at µ→∞ at the end of the calculation.
Na¨ıvely, the effective ranges are fixed from scatter-
ing experiments. However, since the triplet channel is
bound, the deuteron (spin-triplet, t) effective range can
be alternatively fixed by the long-range properties of the
deuteron wave function.
The long-range properties of the deuteron wave func-
tion are set by its residue, given by Zd =
1
1−γtρt ≈
1.690(3) (γt is the deuteron binding momentum, γt =√
MEb(d)). In the effective range expansion (ERE), the
order-by-order expansion of Zd is:
ZLOd = 1 ,
ZNLOd = 1 + γtρt ≈ 1.408
(3)
Parameter Value Reference
γt 45.701 MeV [30]
ρt 1.765 fm [31]
as -23.714 fm [32]
ρs 2.73 fm [33]
ap -7.8063±0.0026 fm [34]
ρC 2.794±0.014 fm [34]
TABLE I. Parameters used in the numerical calculation
This result for the perturbative expansion of the Z-
factor is based on a matching of the parameters in the
EFT to the effective range expansion (ERE). At NLO,
the parameters can also be chosen to fix the pole posi-
tion and residue of the triplet two-body propagator to
the deuteron values. This parameterization is known as
the Z-parameterization and is advantageous because it
reproduces the correct residue about the deuteron pole
at NLO, instead of being approached perturbatively or-
der by-order as in ERE-parameterization [23, 35–38]:
ZLOd = 1 ,
ZNLOd = 1 +
(
Zfulld − 1
)
= 1.690(3).
(4)
3The price is that the value of the triplet effective range
at NLO in this parameterization is ρ′t =
Zd−1
γt
≈ 0.690γt =
2.979 fm. In the following, we use both parameterizations
at NLO.
A. A = 3 nuclear amplitudes, matrix elements, and
regularization
While for the pionless EFT there is an analytical re-
sult for the deuteron bound-state wave function [22],
the three-nucleon scattering amplitude has to be calcu-
lated numerically. The different channels for 3H are the
spin-triplet - t (representing an “off-shell” deuteron, d,
dibaryon), and the spin-singlet - s (nn, np). For 3He, the
contributing channels are the spin-triplet - t, spin-singlet
- s (np) and pp [8]. The latter is required because of the
Coulomb force between the protons, which modifies the
long-range scattering properties of these nucleons.
The Faddeev integral equation, used in this EFT, has
to be regularized. A simple way to do this is to evaluate
the integrals up to a cutoff Λ. Since pi/EFT is supposed to
be order-by-order renormalizable, the theory should not
depend on this ultraviolet cutoff. However, for A = 3
systems, the numerical and theoretical solution of the
integral equations displays a strong dependence on the
cutoff. To overcome this problem, one adds a three-body
counterterm [9, 10]. In the case of 3He, the addition
of Coulomb interaction to the three-nucleon amplitude
leads to divergence in the Coulomb Feynman diagrams,
which is solved by the redefinition of the proton-proton
scattering length [39, 40]. With this redefinition, the 3He
binding energy is renormalization-group invariant at LO.
[12, 13].
The calculation of bound-state amplitudes requires the
solution of a homogeneous Faddeev equation, defined up
to a normalization. The calculation of next-to-leading or-
der corrections follows the same formalism, however with
a single NLO insertion, e.g., of an effective range. The
three-body wave function normalizations, Z3H, Z3He, are
calculated diagrammatically, by summing over all pos-
sible connections between two identical bubbles as pre-
sented in Ref. [14].
The Coulomb force is included by considering the
full p − p Coulomb propagator and allowing a single
photon insertion in the three-body diagrams. At LO,
it was shown that 3He is described correctly within
pi/EFT [15, 16, 41], while at NLO, within the power count-
ing considered here, there is a need for an additional,
isospin dependent, three-body force to renormalize the
3He binding energy [11, 12, 14, 17].
The nuclear amplitudes we use here are taken explic-
itly from Ref. [14], where they were benchmarked numer-
ically, and validated using the binding energy difference
between 3H-3He.
III. THE WEAK INTERACTION IN pi/EFT
For low-energy charge lowering processes, the weak-
interaction Hamiltonian is
HWeak = GFVud√
2
lµ+J
−
µ , (5)
where GF is the Fermi constant and Vud is the CKM
matrix element. lµ is the lepton current and Jµ is the
hadronic current. We calculated the two-body hadronic
current Jµ from the pi/EFT effective Lagrangian with
dibaryon fields up to NLO.
The hadronic current contains two parts, a polar-
vector and axial-vector, Jµ = Vµ − Aµ. The part of the
polar vector current relevant to β-decay with a vanishing
energy transfer is:
V ±0 = N
† τ
±
2
N , (6)
where τ± = τ1 ± iτ2.
Here, we utilized the fact that the Conserved Vector
Current (CVC) hypothesis is accurate at this order of
EFT.
The axial-vector part is (see Ref. [27, 29]):
A± =
gA
2
N†στ±N︸ ︷︷ ︸
LO
+ gAL
′
1,A
(
t†s+ s†t
)︸ ︷︷ ︸
NLO
, (7)
where gA is the axial coupling constant for a single nu-
cleon, known from neutron β-decay. In two-nucleon cal-
culations, the renormalization scale µ is frequently as-
sumed to be comparable to the breakdown scale of theory,
usually at mpi. In the current case, it is set to µ = Λ.
One expects that by taking Λ → ∞ numerically, regu-
larization effects from the treatment of the A = 3 sys-
tem vanish. This causes an asymptotic behavior of L1,A,
which cancels the cutoff dependence in the NLO term,
leaving it RG invariant. Testing this is part of the vali-
dation process of our numerical calculation. We therefore
define:
L′1,A(µ = Λ) = L
′
1,A(Λ) = −
ρt + ρs
2
√
ρsρt
+ l1,A(Λ) , (8)
where l1,A is an RG invariant combination (in arbitrary
units):
l1,A(Λ) =
L1,A
2pigA
1√
ρsρt
(
Λ− 1
at
)(
Λ− 1
as
)
, (9)
and Λ is the ultraviolet cutoff.
The operator A± (eq. (7)) is written up to NLO. To
maintain consistency, the LO interaction is coupled to
the NLO three-body wave functions (ψs), while the NLO
interactions are coupled to the LO wave function, as dis-
cussed in Ref. [14].
4IV. 3H β-DECAY MATRIX ELEMENTS
In this section, we outline the calculation of the matrix
element of the weak reaction:
3H→3 He + e− + νe, (10)
which is a well-measured decay with small energy transfer
in the pi/EFT regime. As mentioned before, we are using
this calculation of 3H β-decay to extract the unknown
LEC, L1,A, which is required for high-accuracy A > 1
weak reaction predictions.
The triton β-decay matrix element can be calculated
using the LO and NLO A = 3 bound-state wave func-
tions, as introduced in Ref. [14].
A. 3H β-decay observables
The half-life of 3H β-decay can be expressed as [19]:
fT1/2 =
K/G2V
〈‖F‖〉2 + fAfV 〈‖GT‖〉2
, (11)
where fT1/2 = 1129.6 ± 3 [42] is the triton compara-
tive half-life, K = 2pi3 log 2/m5e (with me denoting the
electron mass), GV is the weak interaction vector cou-
pling constant (such that K/G2V = 6146.66 ± 0.6 [43]),
fV = 2.8355×10−6 and fA = 2.8506×10−6 are the Fermi
functions calculated by Towner, as reported by Simpson
in Ref. [44]. 〈‖F 〉‖ and 〈‖GT‖〉 are the reduced matrix
elements of the vector and axial current A = 3 wave-
function, respectively.
B. General A = 3 matrix element in pi/EFT
The weak transitions 〈GT 〉, 〈F 〉 are defined as matrix
elements between the initial state wave function ψ
3H, and
the final state, ψ
3He, using the general mechanism intro-
duced in Ref [14].
1. A = 3 one-body matrix element
In Ref. [14], we showed that at LO, the three-nucleon
normalization can be written as:
1 =
∑
µ,ν
〈
ψiµ
∣∣Onormµν (Ei) ∣∣ψiν〉 , (12)
where Onormµν (Ei) is the normalization operator such that:
Onormµν (Ei) =
∂
∂E
[
Iˆµν(E, p, p
′)−MyµyνaiµνKiµν(p′, p, E)
] ∣∣∣∣
E=Ei
,
(13)
where:
Kiµν =
{
K0(p
′, p, E) i =3 H
K0(p
′, p, E) +KCµν(p
′, p, E) i =3 He
, (14)
a
3H
µν = aµν =
@
@ν
µ
t s
t −1 3
s 3 −1
, (15)
a
3He
µν = a
′
µν =
@
@ν
µ
t np pp
t −1 3 3
np 1 1 −1
pp 2 −2 0
, (16)
and
Iˆµν(p, p
′, E) =
2pi2
p2
δ (p− p′)Dµ(E, p)−1δµ,ν (17)
K0(p, p
′, E) =
1
2pp′
Q0
(
p2 + p′2 −ME
pp′
)
, (18)
where δµ,ν is the Kronecker delta and:
Q0(a) =
1
2
∫ 1
−1
1
x+ a
dx . (19)
KCµν(p
′′, p′, E) is the µ, ν index of the one-photon ex-
change matrix, KC(p′′, p′, E) (see Ref. [14]), µ = t, s are
the different triton channels, µ = t, s, pp are the differ-
ent 3He channels, yµ,ν are the nucleon-dibaryon coupling
constants for the different channels, aµν (a
′
µν) are a re-
sult of the n−d (p−d) doublet-channel projection ([45])
and Dµ(E, p) is the dibaryon propagator ([9, 10, 14]).
A general one-body operator, can be written as a gen-
eralization of a three-nucleon normalization operator for
the case of both energy and momentum transfer, between
initial (i) and final (j) A = 3 bound-state wave functions
(ψi,j). The general operator Oj,i factorizes into the fol-
lowing parts:
Oj,i = OJOTOj,i(q0, q), (20)
where OJ , the spin part of the operator whose total spin
is J , and OT , the isospin part of the operator, that de-
pend on the initial and final quantum numbers. The spa-
tial part of the operator, Oj,i(q0, q), is a function of the
three-nucleon wave function’s binding energies, (Ei,Ej)
and the energy and momentum transfer (q0, q, respec-
tively).
In the case of a triton β-decay, the spin and isospin
one-body operators are combinations of Pauli matrices,
so their reduced matrix element (〈‖F‖〉, 〈‖GT‖〉 ) can
be easily calculated as a function of the three-nucleon
quantum total spin and isospin numbers. In Ref. [14]
5we showed that the reduced matrix element of such an
operator can be written as:
〈‖O1Bj,i (q0, q)‖〉 =
〈
1
2
∥∥OJ∥∥ 1
2
〉〈
1
2
, I ′z
∣∣OT ∣∣ Iz, 1
2
〉
×
∑
µ,ν
〈
ψjµ
∣∣ yµyν{d′ijµν Iˆ(q0, q)
+ a′ijµν
[
Kˆ(p, p′, E, q0) + KˆCµν(q0, q)
]} ∣∣ψiν〉 , (21)
such that for i = j:
d′iiµν = δµ,ν (22)
a′iiµν =
{
aµν i = j =
3 H
a′µν i = j =
3 He
. (23)
The spatial parts of operator are are denoted by
Iˆ(E, q0, q), Kˆ(q0, q) and KˆCµν(E, q0, q). The full analyti-
cal expressions for Iˆ(E, q0, q) and Kˆ(E, q0, q) are given in
Ref. [14] while KˆCµν(E, q0, q) are the diagrams that con-
tain a one-photon interaction in addition to the energy
and momentum transfer. A derivation of an analytical
expression for these diagrams is too complex, so they
were calculated numerically only. a′ijµν and d
′ij
µν are a re-
sult of the N − d doublet-channel projection coupled to
OJOT (for more details, see Ref [14]).
2. Two-body matrix element
In contrast to the normalization operator given in
eq. (13), which contains only one-body interactions, a
typical pi/EFT electroweak interaction contains also the
following two-body interactions up to NLO:
t†t, s†s, (s†t+ h.c) , (24)
under the assumption of energy and momentum conser-
vation. The diagrammatic form of the different two-body
interactions is given in Ref. [14].
C. Fermi and Gamow-Teller matrix elements
For the case of triton β-decay, it is better to separate
the triton into 3 different channels, t, np and nn, under
the assumption that for the scattering lengths are: ann =
anp = as. Given that, one finds that:
1 =
∑
µ,ν=t,s,nn
ψ
3H
µ (p)⊗
∂
∂E[
Iˆµν −MyµyνaµνK0(p, p′, E)
]
E=E3H
⊗ ψ3Hν (p′) ,
(25)
where:
aµν =
@
@ν
µ
t np nn
t −1 3 3
np 1 1 −1
nn 2 −2 0
(26)
is a result of the different projection operators (see
Ref. [45] for example) and we have defined the opera-
tion:
A(..., p)⊗B(p, ...) =
∫
A(.., p)B(p, ...)
p2
2pi2
dp . (27)
The Gamow-Teller operator of the triton β-decay
(〈GT 〉) matrix element is given by:
〈‖GT‖〉 = 〈ψ
3He‖A+‖ψ3He〉√
2
=〈1
2
∥∥∥τ+∥∥∥1
2
〉 〈 12‖σ‖ 12 〉√
2
gA
×
∑
µ,ν
ψ
3He
µ (p
′)⊗yµyν
{
d′ijµν Iˆ(q0, q)
+ a′ijµν
[
Kˆ(q0, q) + KˆCµν(q0, q)
]}
⊗ ψ3Hν (p)
− gAL′1,A
(
2
3
〈ψ3Hnn|ψ
3He
t 〉+ 〈ψ
3H
t |ψ
3He
pp 〉
)
, (28)
where:
d′µν =
@
@ν
µ
t np pp
t 1/3 0 −1
np 0 1/3 0
nn −2/3 0 0
(29)
and
a′ijµν =
@
@ν
µ
t np pp
t −7/3 1 3
np 1 1 −1
nn 2/3 −2 −2
(30)
denote the Gamow-Teller transition.
The Fermi, (〈F 〉) matrix element is given by:
〈‖F‖〉 = 〈ψ
3He‖V +‖ψ3He〉√
2
=〈1
2
∥∥∥τ+∥∥∥1
2
〉∑
µ,ν
ψ
3He
µ (p
′)⊗yµyν
{
d′ijµν Iˆ(q0, q)
+ a′ijµν
[
Kˆ(q0, q) + KˆCµν(q0, q)
]}
⊗ ψ3Hν (p) , (31)
6where
d′ijµν =
@
@ν
µ
t np pp
t 1 0 0
np 0 1 −1
nn 0 2 0
(32)
and
a′ijµν =
@
@ν
µ
t np pp
t −1 3 3
np 1 1 1
nn 2 −2 −2
, (33)
µ, ν denote the different channels of the three-nucleon
wave function (t, np, pp for 3He and t, np, nn for 3H),
where ψµ, ψν are the three-nucleon wave functions for the
different channels, defined using the homogeneous solu-
tion of the three-nucleon scattering amplitude [14] and
q0 = E3He − E3H is the energy transfer.
The general diagrammatic form of 3H β-decay, shown
in Fig. 1, is similar to the general matrix element intro-
duced in Ref. [14]. For both 〈F 〉 and 〈GT 〉 transitions,
the left-hand side (LHS) bubbles of the diagrams are 3H,
while the right-hand side (RHS) bubbles are 3He.
FIG. 1. Different topologies of the diagrams contributing to the
triton β-decay amplitude. The LHS of each diagram is 3H, while
the RHS is 3He. The double lines are the propagators of the two
dibaryon fields Dt (solid), Ds (dashed for nn and np, dotted for
pp), where the red lines are the neutron and the blue lines are the
proton. Most of the diagrams couple both the triplet and the singlet
channels. The diagrams with one-body interactions are coupled to
gA, while the two-body interactions are coupled to the effective
ranges ρt and ρs and to l1,A.
The one-body diagrams that contain a one-body weak
interaction are coupled to the weak axial LEC, gA, and
contribute to both 〈F 〉 and 〈GT 〉 transitions. These one-
body diagrams are taken up to NLO, and, therefore, con-
tain the NLO insertion for the one-body diagrams, as
discussed in Ref. [14]. The two-body diagrams include
a two-body term originating from the ERE term in the
Lagrangian, 12
ρt+ρs√
ρtρs
gA, and a two-body weak interaction
that is coupled to the unknown LEC l1,A. These dia-
grams contribute to the 〈GT 〉 transition only.
V. NUMERICAL RESULTS
A. Fermi operator
In the absence of the Coulomb interaction, 3H is iden-
tical to 3He and the Fermi transition is equal to the triton
wave function normalization as defined in Ref. [14]:
〈F 〉0 = 〈ψ
3H‖τ0‖ψ3H〉√
2
=
〈1
2
∥∥∥τ0∥∥∥1
2
〉
×
∑
µ,ν
yµyνψ
3H
µ (p
′)⊗
[
d′iiµν Iˆ(0, 0) + a′iiµνKˆ(0, 0)
]
⊗ψ3Hν (p) = 1 ,
(34)
where in the absence of the Coulomb interaction:
d′iiµ,ν = δµ,ν (35)
a′iiµν = aµν (36)
From comparison between eqs. (16) and (26) with
eqs. (32) and (33), we expect that 〈F 〉 = 1 −  [19],
where  1 originates mostly from the isospin breaking
due to the Coulomb interaction.We can, therefore, exam-
ine the effects of isospin breaking on the Fermi transition
due to the Coulomb interaction, and the additional one-
photon exchange diagrams and then compare them to
the Gamow-Teller transition. In this section, we present
our calculations of the Fermi transition. First, we calcu-
late the Fermi transition in the absence of the Coulomb
interaction but under the assumption that ann,np 6= app.
Second, we calculate the Fermi transition with α 6= 0,
and, obviously, ann,np 6= app, as a result, for both Z-
and ERE-parameterization. All these calculations result
from the LHS of the diagrams in Fig. 1.
We use the experimental data shown in Tab. I as input
for our numerical calculations shown in Fig. 2 and Tab. II.
〈F 〉
One-body, LO α = 0 1
One-body, LO α = 0, anp 6= app 0.9999
LO, ERE 0.9971
LO, Z 0.9985
SNPA [19] 0.9993
TABLE II. Numerical results of 〈F 〉. Note that the second row
is without an explicit Coulomb force (α = 0) but with isospin
breaking in the scattering lengths, i.e., with the physical values for
the scattering lengths anp 6= app.
Our numerical result compares well to the 〈F 〉 stan-
dard nuclear physics approach (SNPA) calculation by
Schiavilla et al. [19]. The SNPA calculation involves
nuclear wave functions derived from high-precision phe-
nomenological nuclear potentials, one-nucleon, and two-
nucleon electroweak currents. 〈F 〉 is not an observable
and can vary between models.
7FIG. 2. Numerical results for the Fermi transition. The solid
line is the LO result for 〈F 〉 = 1 with α = 0. The dashed line is
the numerical result for α = 0 with isospin breaking effects in the
scattering lengths anp 6= app (LO). The dashed-dotted line shows
the numerical result at NLO with α 6= 0. The dotted line gives the
value of 〈F 〉 = 0.9993 from Ref. [19].
B. Gamow-Teller operator
In contrast to the Fermi transition, the Gamow-Teller
transition also involves two-body operators at NLO. The
diagrams that contain a one-body weak interaction are
coupled to gA and contain one ERE insertion up to NLO.
The two-body diagrams are coupled to the two-body
LEC, L′1,A. By summing over all diagrams and compar-
ing the resulting sum to the triton half-life, [46], l1,A can
be extracted, as will be discussed later in Section VI. We
used the experimental input parameters shown in Tab. I
for all numerical calculations.
1. Gamow-Teller Transition for α = 0
As mentioned before, in the absence of Coulomb inter-
action, the Fermi transition matrix element at LO is 1
(i.e., α = 0). Similarly, the LO matrix element of the
Gamow-Teller transition with α = 0 was easily found to
be:
〈GT 〉LOα=0 =
〈 12‖σ‖ 12 〉√
2
〈1
2
∥∥∥τ0∥∥∥1
2
〉
×
∑
µ,ν
yµyνψ
3H
µ (p
′)⊗
[
δµ,ν Iˆ(0, 0) + aµνKˆ(0, 0)
]
⊗ψ3Hν (p)
=
√
6√
2
=
√
3 , (37)
where aµν is given in eq. (26). We performed this calcula-
tion in two ways: one with α = 0 for both the scattering
amplitude and the matrix element, and the other with
α = 0 for the matrix element, but for different scatter-
ing lengths, similarly to the Fermi case. From Tab. III,
it is clear that the bulk of the Coulomb effect originates
from the strong isospin breaking, i.e., different scattering
lengths, and not from the explicit one-photon exchange
diagrams. These results imply that for both the Fermi
and Gamow-Teller transitions, the explicit Coulomb in-
teraction, i.e., one-photon exchange diagrams, can be
calculated perturbatively since their contribution to the
matrix element is very small compared to the isospin
breaking effect.
C. Numerical results for GT strength of triton
decay
Our 〈GT 〉 numerical results for both NLO arrange-
ments are shown in Tab. III and in Fig. 3. The full
NLO result with l1,A = 0 includes both one-body and
two-body terms that contribute to 〈GT 〉, without the di-
agrams that are coupled to l1,A.
FIG. 3. Numerical results of the Gamow-Teller transition. The
gray area is the full 〈GT 〉 matrix element with gA = 1.273±0.003±
0.005 [47, 48]. The short dashed lines are the numerical results of
〈GT 〉LO, the dashed-dotted lines are 〈GT 〉 with l1,A = 0. Z refers
to numerical results with the Z-parameterization: ρ′t =
Zd−1
γt
.
〈GT 〉, ERE 〈GT 〉, Z
One-body, LO α = 0
√
3
√
3
One-body, LO α = 0, anp 6= app 1.716 1.692
One-body, LO 1.727 1.695
Full NLO, l1,A = 0, α = 0, anp 6= app 1.301 1.575
Full NLO, l1,A = 0 1.383 1.596
TABLE III. Numerical results for 〈GT 〉. Note that the rows with
the comment “α = 0, anp 6= app” are without an explicit Coulomb
force (α = 0) but with isospin breaking in the scattering lengths,
i.e., with physical values for the scattering lengths anp 6= app.
8VI. EMPIRICAL EXTRACTION OF
GAMOW-TELLER STRENGTH AND FIXING
L1,A
The GT matrix element can be extracted from a tri-
ton half-life calculation using eq. (11). The axial cou-
pling constant, gA, has been remeasured recently, lead-
ing to results whose range is much bigger than the cur-
rent recommendation. To be on the safe side, we take
gA = 1.273 ± 0.003 ± 0.005 [47, 48]. The first un-
certainty in gA arises from the difference between the
measurements of Refs. [47, 48], and the second uncer-
tainty is the statistical experimental uncertainty. To
extract the Gamow-Teller strength, we use our predic-
tion for the Fermi transition: 〈F 〉 = 0.9993 [19]. At
large cutoff values, we find the empirical GT strength
to be 〈GT 〉emp =
√
3 1.213±0.002gA [19]. The uncertainty
here originates mainly from the uncertainty in the triton
half-life.
The difference between the empirical GT strength and
the numerical result for the GT-transition at NLO is used
to fix l1,A such that:
l1,A(Λ) =
〈GT 〉emp − 〈GT 〉NLOl1,A=0
〈GT 〉NLOl1,A
, (38)
where 〈GT 〉NLOl1,A are the two-body diagrams that con-
tribute to the triton β-decay and are coupled to l1,A,
while 〈GT 〉NLOl1,A=0 is the sum over all the diagrams that
contribute to the triton β-decay without the diagrams
coupled to l1,A. The numerical results for l1,A for both
ERE- and Z-parameterizations are shown in Fig. 4.
FIG. 4. Numerical results of the RG invariant, l1,A, with gA =
1.273(03)(05) [47, 48]. The solid lines are the upper and lower limits
of the ERE calculations, while the dashed lines are the upper and
lower limits of the Z calculations.
Importantly, we find numerically, that for both param-
eterizations, l1,A is RG invariant, a fact that has been
already predicted by theory [24], where:
lERE1,A = 0.312± 0.004± 0.004± 0.001 (39a)
lZ1,A = 0.051± 0.004± 0.004± 0.001 , (39b)
The first and second uncertainties come from the afore-
mentioned difference between recent experimental deter-
minations of gA and gA statistical uncertainties [47, 48]
while the third uncertainty comes from the rest of the
experimental uncertainties, such as the statistical uncer-
tainties in the measured triton half-life.
VII. PREVIOUS EXTRACTIONS OF L1,A
Due to the importance of L1,A, as the only two-body
counterterm that appears in the pionless description of
pp-fusion, its evaluation has attracted much attention in
the literature. In this subsection, we review previous
extractions of L1,A in the pi/EFT and the latest predictions
of the pp-fusion rate.
Two main approaches were taken in previous studies
to match L1,A. In the first, an experimental value of a
two-body weak interaction process, usually at the cut-
off µ = mpi, was used for matching. Among these reac-
tions are the deuteron dissociation by anti-neutrinos from
reactors [50] and neutrino reactions with the deuteron,
as measured in SNO [51]. Both lead to similar RG
invariant combinations of the two-body axial strength,
l1,A ≈ 0.13 ± 0.26. In both cases, the large uncertain-
ties originate from statistical errors in the experiments,
due to the small cross-section for neutrino-deuteron re-
actions. The authors of Ref. [26] proposed, therefore, a
precision measurement of muon capture on the deuteron,
with the aim of reducing the uncertainties by a factor of
3, reflecting an estimated 2-3% experimental uncertainty
in the (then proposed) ongoing MuSun experiment [52].
It is important to note that the µ−d capture has a large
energy transfer, possibly too large for an application of
pi/EFT . In all these studies, the uncertainties are mainly
experimental, due to the uncertainty in the observable, ,
i.e., neglecting the truncation error.
A different approach was taken by Ando and collab-
orators in Ref. [27]. They used the hybrid calculation
of the pp-fusion rate from Park et al. [21]. The authors
took the ratio of the two-body strength over the one-
body strength was taken from this calculation and fixed
L1,A to reproduce this ratio in the pi/EFT regime. Their
result was l1,A = 0.038±0.002. The small uncertainty in
this result is due to the accurate triton half-life measure-
ment that is used to fix the undetermined counterterms in
Ref. [21]. However, this work has been criticized. First, a
three-body constraint datum must be matched at a suffi-
ciently large cutoff to make sure no regularization effects
influence the cutoff invariance. Second, the authors take
a phenomenological approach, which leads to contribu-
tions from higher orders to the NLO calculation, as they
take the non-perturbative deuteron normalization at all
9orders. These two reasons highlight that a robust theo-
retical uncertainty estimate is nontrivial, and indeed it is
missing from the L1,A result in this case. Last, and most
important, the matching condition they take is not an
observable, as one can use hermitian transformations to
shift strengths from the two-body sector to the one-body
and vice versa.
In 2017, The Nuclear Physics with Lattice Quantum
Chromo Dynamics (NPLQCD) collaboration calibrated
L1,A using the triton β-decay [53] for the non-physical
pion mass mpi = 805 MeV and then extrapolated it to
the physical pion mass.
VIII. SUMMARY AND OUTLOOK
In this paper, we have studied tritium β-decay, i.e.,
of its 3H nucleus (triton), in the framework of the pi-
onless effective field theory up to next-to-leading order
(NLO), based on the method introduced in Ref [14]. The
approach used here, like any other EFTs, is useful for ro-
bust and reliable theoretical uncertainty estimates, based
on neglected orders in the EFT expansion. The results
presented in this paper show that pi/EFT is both viable
and a renormalized theory for describing weak observ-
ables of the A = 3 systems and for predicting RG invari-
ant electroweak low-energy constants (LECs) up to NLO
with high accuracy. Also, we found that up to NLO, the
explicit Coulomb interaction i.e., the one-photon interac-
tion, can be calculated perturbatively for weak reactions,
which is consistent with its effect on the 3He binding en-
ergy as presented in Refs. [11–14].
Triton β-decay depends on two matrix elements, the
Fermi transition, which includes a one-body polar-vector
part, and the Gamow-Teller transition, which includes
one- and two-body axial-vector parts.
We have tested the correct renormalization of our per-
turbative calculation of the Fermi and Gamow-Teller
transitions by an analysis of the residual cutoff depen-
dence of the matrix elements, up to cutoffs that are sig-
nificantly larger than the breakdown scale of the EFT.
The numerical results for the RG invariance reproduce
theoretical predictions and serve, therefore, as an addi-
tional test of the calculation and our approach.
We used the NLO calculation to fix the unknown NLO
LEC, L1,A, which is also needed for a high-accuracy pre-
diction of the solar proton-proton fusion rate [22, 23, 27].
The NLO correction that originated from the L1,A coun-
terterm (short-range corrections) is about 3% (15%) for
the triton decay Gamow-Teller strength for the Z-(ERE-)
parameterization. The short-range corrections associated
with the ERE-parameterization are significantly larger
than those associated with the Z-parameterization, which
implies that the ERE-parameterization internal error is
larger than that of the Z-parameterization. Also, the fact
that our calculation is carried out within a consistent per-
turbative approach allows reliable uncertainty estimates
originating from the experimental uncertainties in gA and
the half-life measurement.
As mentioned, L1,A takes part in low-energy weak pro-
cesses, such as pp-fusion [22, 23, 27, 54] and muon capture
[26, 55–58]. In the near future, we intend to examine our
result for L1,A and its uncertainty by addressing these
low-energy weak processes [59, 60] when theoretical and
empirical uncertainties estimations must accompany this
prediction. Besides, the calibration of LEC from a 3H
β-decay for the prediction of a two-nucleon process (such
as pp-fusion) is based on the assumption that pi/EFT is
the appropriate framework for calculating observables in
the A = 2 and A = 3 systems. However, this consistency
cannot be examined using the weak observables only, due
to the small number of appropriate reactions. Hence, an-
other set of well-measured low-energy A < 4 interactions
with similar characteristics to those of the weak reac-
tions is needed for validation and verification of pi/EFT .
The strong analogy between the electromagnetic to weak
observables indicates that well-measured electromagnetic
observables can serve as the required candidates. We in-
tend to use our perturbative framework for calculating
general matrix element that can predict the low-energy
electromagnetic A < 4 observables. These observables
can serve as a case study for estimating the theoretical
uncertainty of pi/EFT and LEC extractions from the A < 4
observables predictions [61].
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